The hysteresis loss in liquids is an absorption process that cannot be explained by the classical theory of mechanical relaxation. Here a model involving the relaxation of atomic clusters is developed. It is shown that the hysteresis loss is a consequence of the size distribution of large clusters.
I. INTRODUCTION
In viscous liquids at frequencies well above their main relaxation frequencies the absorption coefficient per wavelength appears to have a component that is independent of the frequency. This type of loss has been called the ''hysteresis effect.'' 1 The term hysteresis is used here because the loss per cycle in the stress-strain loop appears to be independent of frequency.
The relaxation mechanism leading to this so-called hysteresis loss in highly viscous liquids is not clear at this time. It has been observed in many liquids. [1] [2] [3] [4] [5] The results of these liquids show that at frequencies well above the dispersion region the absorption coefficient of sound ␣ s is linear with the cyclic frequency , i.e., ␣ s ϭAϩB, ͑1.1͒
where A and B are temperature dependent coefficients. The sound absorption, on the other hand, is closely related to the behavior of the longitudinal dynamic viscosity ͑͒. For plane harmonic waves the absorption coefficient and the loss per cycle W are given by
where u 0 is the small wave amplitude, the density, and V ϱ the high frequency sound velocity. Besides, according to the classical theory of relaxation the dynamic longitudinal viscosity is given by
where
is the longitudinal modulus of elasticity associated with the relaxation process, V 0 the low frequency sound velocity, and 0 the relaxation time. For frequencies well above the dispersion region ͑ 0 ӷ1͒ one finds from Eq. ͑1.4͒ that
and, according to Eqs. ͑1.2͒ and ͑1.3͒, the absorption coefficient will be independent of the frequency and the loss per cycle proportional to 1/. So the classical theory cannot explain the hysteresis loss observed in highly viscous liquids. 1, 5 It is reasonable to explain the hysteresis component by constructing some sort of distribution function of relaxation times that is associated to viscous flow processes, leading to the correct frequency dependence. However, the hysteresis loss measured in highly viscous liquids appears to extend into the glassy state and it has been observed in crystalline solids and polymers. 6 It seems quite reasonable to suppose that the hysteresis loss in solids and viscous liquids at low temperatures has a common origin. If this is so, it is very difficult to conceive of any viscous flow process related to that occurring at low frequencies and low viscosities that could extend into the solid state. For this reason some authors think that the hypothesis of a distribution of relaxation times is not an appropriate explanation. 1 The distribution of relaxation times does not necessarily, however, have its origin in viscous flow processes. The geometric properties of the liquid structure may also lead to a distribution of relaxation times, as will be shown in Sec. II. One of the fundamental aims of this article is to prove that the hysteresis losses are closely connected with the geometric properties of the structure. This is the subject of Sec. III.
II. GEOMETRIC PROPERTIES OF THE LIQUID STRUCTURE
According to the classical kinetic theory of liquids, 7 atoms are vibrating around some equilibrium positions during a certain time after which they can jump to another equilibrium position. This picture is only valid for simple liquids at high temperatures. In complex liquids, and in simple liquids at low temperatures, the atoms are grouped in some wellpacked regions ͑clusters͒. The atoms in the same cluster interact strongly so that they behave as a whole. That is why in such cases relaxation of atomic clusters, instead of relaxation of individual atoms, should be considered.
Since different arrangements are possible, clusters will have different sizes and shapes, in general following a certain distribution. The geometric properties of clusters are intimately bound to fracture and aggregation phenomena. Because of the dynamic character of the liquid structure, the interaction between clusters may lead to the fission of big clusters into small ones ͑fracture͒ yet, on the other hand, some clusters may form a bigger ones ͑aggregation͒. At low temperatures aggregation will predominate and lead to the formation of large clusters. In the neighborhood of the liquid-solid ͑or liquid glass͒ transition region, where the cor-relation length has a large value, there would be clusters of all sizes, and therefore no characteristic length would be observed.
In many cases, the size distribution of objects in a wide range exhibits self-similarity or dilation symmetry, and the pattern seems to have no characteristic size. A typical example is the hyperbolic distribution, 8 also referred to as the Pareto distribution. 9 If n(N)dN is the probability of finding a cluster with a number of atoms between N and NϩdN, then n(N) is given by
where c is a normalizing constant and 0Ͻ␣Ͻ1 is a characteristic exponent.
There are many examples in nature that can be expressed by Eq. ͑2.1͒: the size distribution of islands, 10 drift ice in glacial oceans, 8 cluster size distribution during clustercluster aggregation, 11 cluster number at percolation threshold, 12 fission of liquid drops, 13, 14 and more. Even if the entire distribution does not obey Eq. ͑2.1͒, it is reasonable to consider this equation as the asymptotic behavior for large sizes.
III. CLUSTER RELAXATION AND HYSTERESIS LOSS
The existence of a distribution of cluster sizes will of course modify the relaxation rate. In the case of independent clusters the dynamic properties of the liquid, such as the dynamic longitudinal viscosity, are given by a superposition over this cluster size distribution; thus a relation between the cluster size and its relaxation time must be specified.
The relaxation time of small clusters, made by a few number of atoms, must be close to 0 , the classical relaxation time of single atoms, and therefore, their contribution to the longitudinal viscosity is given by Eq. ͑1.4͒. Nevertheless, large clusters must relax slower with a relaxation time larger than 0 . It may be assumed that the relaxation time of large clusters is proportional to its size, i.e., ͑N͒ϭ 0 N.
͑3.1͒
In general, this relation is the one expected in a mean field approximation, just as it is obtained in the relaxation of polymer chains in a dilute solution. 7 To obtain the contribution of large clusters to the longitudinal viscosity 0 must be substituted by (N) in Eq. ͑1.4͒ and integration over the cluster size distribution n(N), Eq. ͑2.1͒, must be performed, i.e.,
where N m is the minimal size beyond which size-dependent relaxation time becomes important. In order to calculate the integral in Eq. ͑3.2͒ we take N m Ϸ0. Then
͑3.3͒
Finally, the total longitudinal viscosity, including the contribution of small and large clusters, is given by
where 0 ӷ1. As the temperature is lowered, large clusters must play a dominant role. Since in decreasing temperatures the classical relaxation time increases exponentially with 1/T, at low temperatures the component due to large clusters and proportional to 0 ␣ predominates in front of the classical component due to small clusters and proportional to 0 Ϫ1 . That is why in the solid state the contribution of large clusters is expected to predominate.
The most important result is that for cluster geometries such that ␣Ӷ1, Eq. ͑3.4͒ is reduced to
͑3.5͒
Substituting this result in Eq. ͑1.2͒, the linear dependence of the absorption coefficient, Eq. ͑1.1͒, is obtained with
͑3.6͒
and BϭcM R /4V ϱ 3 .
͑3.7͒
By substitution of Eq. ͑3.5͒ in the expression for the loss per cycle, Eq. ͑1.3͒, gives
when 0 ӷ1. The principal features of hysteresis loss observed in highly viscous liquids, that is, the linear frequency dependence of the absorption coefficient and the frequency independent loss per cycle, were thus obtained by introducing the cluster size distribution.
To compare our results with experimental data, the propagation of sound in biphenyl pentachloride 1 and normal propanol 15 is analyzed. The dependence of the absorption coefficient with frequency, at different temperatures, is shown in Fig. 1 and clearly exhibits the linear dependence expressed in Eq. ͑1.1͒.
The fitting with experimental data was performed using the temperature dependence of , V 0 , and V ϱ . The values of A and B at different temperatures were obtained by linear fits of the curve ␣ s vs ͑see Fig. 1͒ . Then, using Eqs. ͑1.5͒, ͑3.6͒, and ͑3.7͒, the temperature dependence of 0 and c can be obtained.
In the case of biphenyl pentachloride ln 0 shifts linearly with 1/T, in agreement with the classical theory of relaxation and experiments in simple liquids. 1, 7 c was found to be of the order of 10 Ϫ2 and ln c also shifts linearly with 1/T, but it decreases as 1/T is increased.
Nevertheless, in the case of normal propanol, the value of A, obtained from the linear fits at different temperatures, takes small positive and negative values around 0. These fluctuations are of course due to experimental errors. Thus AϷ0 in normal propanol, revealing in this way that the contribution of small clusters to the absorption coefficient is negligible in front of the contribution of large clusters. The value of c was found to be of the order of 0.1 and ln c shifts linearly with 1/T as in biphenyl pentachloride.
The fact that in normal propanol the contribution of small clusters to the absorption coefficient is not observed in the experimental data and that the normalizing constant c takes larger values than in biphenyl pentachloride leads to the conclusion that, in the region of hysteresis loss, in normal propanol, the contribution of large clusters predominates, and therefore, large clusters are more abundant than the small ones.
The tolerance of the absorption coefficient to a change in ␣ was also tested, and it was found that for ␣ϳ0.01 and smaller values the linear behavior is not noticeably affected. To obtain the temperature dependence of ␣ it is necessary to analyze the experimental data in a wider range of temperatures. The purpose of this work is nonetheless to show the dominant role of the geometry of large clusters in the transition region. An analysis of the experimental data from the dispersion region to the hysteresis loss will be published soon.
IV. CONCLUSIONS
The classical theory of relaxation cannot explain the hysteresis loss observed in highly viscous liquids in the neighborhood of the transition from liquid to solid or liquid to glass. At low temperatures density fluctuations lead to the formation of large clusters, with a different relaxation rate from that of individual atoms.
But the anomalous frequency dependence observed in the absorption coefficient is not determined by their large sizes, and therefore, not by their large relaxation times. It is a consequence of the existence of a wide distribution of cluster sizes, which in the neighborhood of the transition region where the formation of clusters of all sizes is possible should exhibit self-similarity. This self-similarity was characterized here by the Pareto distribution with the characteristic exponent ␣, Eq. ͑2.1͒, which is a typical fractal property.
In the limit when ␣Ӷ1, the principal features of the hysteresis loss, that is, the linear frequency dependence of the absorption coefficient and the frequency independent loss per cycle, were obtained. In this way the relaxation of complex liquids was fitted to experimental observations. This provides strong arguments in favor of the dominant role of the geometric properties of the systems in their physical behavior. 
